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Principle of Hartmann sensor 
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𝛻𝑤 𝑥, 𝑦 =
𝛽𝑥

𝛽𝑦
 

𝑤 𝜌, 𝜙 = 𝑎0,0 + 𝑎1,−1 ⋅ 𝜌 sin 𝜙 + 𝑎1,1 ⋅ 𝜌 cos𝜙 

+ 𝑎2,−2 ⋅ 2𝜌2 − 1 sin 𝜙 + 𝑎2,0 ⋅ 2𝜌2 − 1 + 𝑎2,2 ⋅ 2𝜌2 − 1 cos𝜙 

+ ⋯ 

+ 𝑎2,0 ⋅ + 𝑎2,2 ⋅ 

= 

+ 𝑎2,−2 ⋅ 

𝑎0,0 ⋅ + 𝑎1,−1 ⋅ + 𝑎1,1 ⋅ 

+ ⋯ 

Zernike polynomials 
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Hartmann 

 plate 

Beam characterization of FLASH 

Adjustment of beam line optics by 

online wavefront monitoring  = 5 .. 30nm 

Experimental setup at BL2 
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wrms=13nm 
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[1]   B. Flöter et al, Beam parameters of FLASH beamline BL1 from Hartmann wavefront     

       measurements, Nucl. Instrum. Meth. A 635 (2011) 5108-5112 



Hartmann 

 plate 

Beam characterization of FLASH 

 = 5 .. 30nm 

Experimental setup at BL2 

wrms~ 10nm wrms~ 2.5nm ~ /10 

Wavefront 

Intensity 

after  

adjustment 

before  

adjustment 

[2]   B. Flöter et al, EUV Hartmann sensor for wavefront measurements at the Free-electron  

       LASer in Hamburg, New J. Phys. 12 (2010) 083015 



Beam characterization at FERMI 

30.10.2013 

Active KB System 

Wavefront sensor 
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→  10µm x 10µm focal size 



Beam characterization of HHG 
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o Titanium-Saphire Laser 

 λ  = 800 nm 

 T  = 40 fs 

 P  = 500 mW 

 f  = 1 kHz 

 

o exposure time  

 t    = 40 s 

 

o 25th harmonic  

 λ  = 32 nm 

 

o variation of  

  yaw angle α 

𝛼 

Adjustment of toroidal grating 
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Beam characterization of HHG 
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Intensity 

Wavefront 

Astigmatic waist difference 
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Beam characterization of HHG 
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𝐺0 

𝑀grating 𝛼, 𝛽 𝛼  

𝑀prop 1319.9mm  

𝐺 𝛼 = 𝑀prop 1319.9mm ⋅ 𝑀grating 𝛼, 𝛽 𝛼 ⋅ 𝑀prop 319.9mm ⋅ 𝐺0 

𝑀rot[𝛾] 𝑀rot 𝛾 𝑇 

𝛼 

𝐺 =

𝑥² 0

0 𝑦²

𝑥𝑢 0
0 𝑦𝑣

𝑥𝑢 0
0 𝑦𝑣

𝑢² 0

0 𝑣²

  

𝑀grating[𝛼, 𝛽] =

𝑀         0
0          1

0 0
0 0

−2/𝑅𝑡 0
0 −2/𝑅𝑠

1/𝑀 0
0 1

 

[3]  A.E. Siegman, ABCD-matrix elements for a curved diffraction grating, J. Opt. Am. A 2 (1985) 1793 

4x4 matrix for a Gaussian beam 

4x4 matrix for a toroidal grating [3] 

Beam propagation 
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time 

Coherence 
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Mutual coherence function 

Γ 𝑥 , 𝑠 = 𝐸 𝑥 1, 𝑡 ⋅ 𝐸∗(𝑥 2, 𝑡)  

              = 𝐸 𝑥 − s /2, 𝑡 ⋅ 𝐸∗(𝑥 + 𝑠 /2, 𝑡)  

→ ability for constructive / destructive interference 

Mutual coherence function 

𝛾 𝑥 , 𝑠 =
Γ 𝑥 , 𝑠 

𝐼 𝑥 − s /2 ⋅ 𝐼 𝑥 + s /2
 

Local degree of coherence 

𝑥 1 𝑥 2 

𝑥  

𝑠 = 𝑥 2 − 𝑥 1 
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𝐾 =
∬ Γ 𝑥 , 𝑠 2𝑑𝑥 𝑑𝑠 

∬ Γ 𝑥 , 0 𝑑𝑥 
2  

Global degree of coherence 
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Mutual coherence function 

𝛾 𝑥 , 𝑠 = 0.7 

Interference of elementary waves → 𝛾(𝑥 , 𝑠 ) 

𝑥 − 𝑠 /2 

𝑥 + 𝑠 /2 

𝑑 

𝐼 𝑥, 𝑦 = 𝐼0 ⋅
𝐽1

2𝜋𝑎𝑟
𝜆𝑑

2𝜋𝑎𝑟
𝜆𝑑

 

2

⋅ 1 + 𝛾 𝑥 , 𝑠 ⋅ cos 2𝜋𝑠
𝜆𝑑

𝑥  

𝑟 = 𝑥² + 𝑦² 
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[4]   M. Born and B. Wolf, Principles of Optics  

       (1980) Cambridge University Press 

[1] 𝑠 

2𝑎 



Mutual coherence function 
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𝛾 0, 𝑠𝑥 =
Γ 0, 𝑠𝑥

𝐼 −𝑠x/2 ⋅ 𝐼 𝑠x/2
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Mutual coherence function 

𝛾 0, 𝑠𝑥 =
Γ 0, 𝑠𝑥

𝐼 −𝑠x/2 ⋅ 𝐼 𝑠x/2
 

𝑙𝑐 
coherence length 𝑙𝑐 
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Mutual coherence function 

𝑙ℎ = 6.2µ𝑚 𝑙𝑣 = 8.7µ𝑚 
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𝐾 = 0.42 ± 0.09 
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Wigner distribution function 

ℎ 𝑥 , 𝑢 =  
1

2𝜋

2

⋅  Γ 𝑥 , 𝑠 ⋅ 𝑒−𝑖𝑢⋅𝑠 𝑑2𝑠 

Wigner-distribution 

mutual coherence function 

x 

y 

z 
v 

spatial coordinate 𝑥 =
𝑥
𝑦  

angular coordinate 𝑢 =
𝑢
𝑣

 

Interpretation: radiance at position 𝑥  in direction of 𝑢 

ℎ = W
m² ⋅ sr
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[6]   M. J. Bastiaans, Wigner distribution function and its application to first-order optics  

       J. Opt. Soc. Am. 69 (1979) 1710-1716 
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Wigner distribution function 

x 

y 

z 
v 

K =
∬ ℎ 𝑥 , 𝑢 ²𝑑𝑥²𝑑𝑢²

∬ ℎ 𝑥 , 𝑢 𝑑𝑥²𝑑𝑢²
 

𝐼 𝑥 = ∬ ℎ 𝑥 , 𝑢 𝑑𝑢𝑑𝑣 

    → near field 

𝐼 𝑢 = 2𝜋 −2∬ ℎ 𝑥 , 𝑢 𝑑𝑥𝑑𝑦 

    → far field 

ℎ 𝑥 , 𝑢 =  
1

2𝜋

2

⋅  Γ 𝑥 , 𝑠 ⋅ 𝑒−𝑖𝑢⋅𝑠 𝑑2𝑠 
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Irradiance profile Radiant intensity Degree of coherence 

Tobias Mey - FEL beam characterization 



ℎ 𝑥 , 𝑢 =  
1

2𝜋

2

⋅  Γ 𝑥 , 𝑠 ⋅ 𝑒−𝑖𝑢⋅𝑠 𝑑2𝑠 

x 

y 

z 
v 

Wigner distribution 

ℎ 𝑤, 𝑡 =   ℎ 𝑥 , 𝑢 ⋅ 𝑒𝑖𝑥 ⋅𝑤𝑒𝑖𝑢⋅𝑡  𝑑2𝑥 𝑑2𝑢 

Fourier transform 

ℎ 𝑤, 𝑧 ⋅ 𝑤 = 𝐼 𝑧 𝑤  

Relation to intensity distribution 

ℎ 𝑥 𝑤𝑥, 𝑧 ⋅ 𝑤𝑥 = 𝐼 𝑧 𝑤𝑥  ℎ 𝑦 𝑤𝑦 , 𝑧 ⋅ 𝑤𝑦 = 𝐼 𝑧 𝑤𝑦  

separable  ↔  𝐼 𝑥, 𝑦 = 𝐼 𝑥 ⋅ 𝐼(𝑦) 

Wigner distribution function 
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Intensity distribution Beam diameter 

CCD camera 

Phosphor coated screen 

Translation stage 

Long working distance 

microscope 

Measurement at FLASH 
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Measurement at FLASH 

Beam 

parameter 
Value 

z0x / z0y [mm] 131.1 / 132.6 

d0x / d0y [µm] 65.5 / 35.9  

zRx / zRy [mm] 11.8 / 5.7 

M²x / M²y [1] 21 / 13 

coherence ??? 

z0x 

d0x √2·d0x 

zRx 
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Reconstruction of Wigner distribution 

𝐼𝑧 𝑥  

𝐼𝑧 𝑥, 𝑦  

 𝑑𝑦 
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𝐼 𝑧 𝑤𝑥  

𝐼𝑧 𝑥  

𝐹𝐹𝑇 
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Reconstruction of Wigner distribution 
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ℎ (𝑤𝑥, 𝑧 ⋅ 𝑤𝑥) 

𝐼 𝑧 𝑤𝑥  

𝐼 𝑧 𝑤𝑥 = ℎ 𝑤𝑥, 𝑧 ⋅ 𝑤𝑥  
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Reconstruction of Wigner distribution 
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Wigner distribution of FLASH 

2D reconstruction (2·180² pixel = 4MB) 

ℎ 𝑥, 𝑦, 𝑢, 𝑣  
 = ℎ𝑥 𝑥, 𝑢 ⋅ ℎ𝑦(𝑦, 𝑣) 

ℎ𝑥 𝑥, 𝑢  ℎ𝑦 𝑦, 𝑣  

𝐾𝑥 =
∬ ℎ𝑥 𝑥, 𝑢 ²𝑑𝑥𝑑𝑢

∬ ℎ𝑥 𝑥, 𝑢 𝑑𝑥𝑑𝑢
= 6.5% 𝐾𝑦 =

∬ ℎ𝑦 𝑦, 𝑣 ²𝑑𝑦𝑑𝑣

∬ ℎ𝑦 𝑦, 𝑣 𝑑𝑦𝑑𝑣
= 10.9% 



Wigner distribution of FLASH 

𝐾 =
∬ ℎ 𝑥 , 𝑢 ²𝑑𝑥²𝑑𝑢²

∬ ℎ 𝑥 , 𝑢 𝑑𝑥²𝑑𝑢²
= 1.6% 

4D reconstruction (1804 Voxel = 15 GB) 

ℎ 𝑥, 𝑦, 𝑢, 𝑣  ℎ𝑥 𝑥, 𝑢 =  ℎ 𝑥, 𝑦, 𝑢, 𝑣 𝑑𝑦𝑑𝑣 ℎ𝑦 𝑦, 𝑣 =  ℎ 𝑥, 𝑦, 𝑢, 𝑣 𝑑𝑥𝑑𝑢 
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Wigner distribution of FLASH 

Mutual coherence function Γ(𝑥 , 𝑠 ) 

50. 0. 50.

50.

0.

50.

x µm

s
x
µ
m

x,sx

50. 0. 50.

50.

0.

50.

y µm

s
y
µ
m

y,sy
Γ(𝑥, 0, 𝑠𝑥 , 0) Γ(0, 𝑦, 0, 𝑠𝑦) 

𝑙x = FWHM Γ 0,0, 𝑠𝑥 , 0  
 = 1.5 µ𝑚 

𝑙y = FWHM Γ 0,0,0, 𝑠𝑦  

      = 2.1 µ𝑚 
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Propagation (separable): ℎ 𝑥 , 𝑢 = ℎ0(𝑥 − 𝑧 ⋅ 𝑢, 𝑢) 

Wigner distribution of FLASH 



Wigner distribution of FLASH 

Propagation (non-separable): ℎ 𝑥 , 𝑢 = ℎ0(𝑥 − 𝑧 ⋅ 𝑢, 𝑢) 



Comparison of methods 
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Wigner Young 

Mutual 

coherence 

function 

Coherence 

lengths lx / ly 
1.5µm / 2.1µm 6.2µm / 8.7µm 

Global degree 

of coherence K 
0.016 0.42 
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Comparison of methods 
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Wigner Young 

 

o pulse to pulse fluctuations 

of coherence properties 

  → mean value 

 

 

o huge amount of information 

 

 

o 3D measurement for  

a 4D phase space 

 

o pulse to pulse fluctuations 

of coherence properties 

& position instability 

   → max value 

 

o comparably low information 

density 

Tobias Mey - FEL beam characterization 



Wigner distribution of LPP source 

Laser produced plasma source 

x y 

Waist diameter d0[µm] 1347 1356 

Rayleigh length zR[mm] 15.3 14.3 

M²[1] 34600 33900 

Coherence K[1] 3.2·10-9 



Outlook 
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4D measurement 

 

→ covers the whole phase 

space of the non-separable 

Wigner distribution 

 

3D measurement 

 

4D phase space = 1804 voxels 

 

exp. data = 1803 voxels 

Tobias Mey - FEL beam characterization 



Outlook 
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o Nd:YAG laser with adjustable resonator 

 

o modes: TEM00, TEM10+TEM01, TEM20 

 

o 50 z-positions, 15 rotation angles 

4D Wigner measurement 

Tobias Mey - FEL beam characterization 

selection of  

TEM10+TEM01 profiles 



4D Wigner measurement 
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Projected Wigner distribution Mutual coherence function Near field Far field 
Global degree 

of coherence 

TEM00 K = 0.99 (1.00) 

TEM10

+ 

TEM01 

K = 0.46 (0.50) 

TEM20 

 
K = 0.96 (1.00) 

500. 0. 500.

3.

2.

1.

0.

1.

2.

3.

x µm

u
m

ra
d

hx x,u
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Nanoscale Photonic Imaging 
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Thank you! 
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𝐺 =

𝑥² 0

0 𝑦²

𝑥𝑢 0
0 𝑦𝑣

𝑥𝑢 0
0 𝑦𝑣

𝑢² 0

0 𝑣²

; 𝐺0 =

𝑥0² 0

0 𝑥0²
0 0
0 0

0 0
0 0

𝑢0² 0

0 𝑢0²

 

𝑀prop[𝑧] =

1 0
0 1

𝑧 0
0 𝑧

0 0
0 0

1 0
0 1

 

𝑀grating[𝛼, 𝛽] =

𝑀         0
0          1

0 0
0 0

−2/𝑅𝑡 0
0 −2/𝑅𝑠

1/𝑀 0
0 1

 

𝑅𝑡 =
2 cos 𝛼 cos 𝛽

cos 𝛼 + cos𝛽
𝑅𝑥 

𝑅𝑠 =
2

cos 𝛼 + cos𝛽
𝑅𝑦 

𝑀 =
cos 𝛽

cos 𝛼
 

𝛽 𝛼 = sin−1
𝑁 ⋅ 𝜆

𝑑
− sin 𝛼  

general 4 x 4 Matrix  
of a gaussian beam: 

4 x 4 Matrix for  
propagation by z: 

4 x 4 Matrix for  
diffraction by a  
toroidal grating [1]: 

𝑥0 = beam size, 𝑢0 =  divergence, 𝛼 =  incidence angle, 𝛽 =  diffraction angle, 
𝑅𝑥 =  tangential radius, 𝑅𝑦 = sagittal radius, 𝑁 = diffraction order, 𝑑 =  groove distance 

𝜆 = wavelength 

[1]  A.E. Siegman,  
 ABCD-matrix elements for a  
 curved diffraction grating, 
 1985, J. Opt. Am. A 

assumption for  
our HHG beam 
(focus position 

= plane wavefront 
=  <xu> = <yv> = 0) 

Needed matrices : 



𝐺 𝛼 = 𝑀prop 1319.9mm ⋅ 𝑀grating 𝛼, 𝛽 𝛼 ⋅ 𝑀prop 319.9mm ⋅ 𝐺0 

propagation from  
source position  

to grating 

assuming HHG beam  
to be gaussian 
(𝑥0 = 80µm,  

𝑢0 = 1.7 mrad) 

grating diffracts  
beam into N = -1. order 

(𝑅𝑥 = 1000mm, 
𝑅𝑦 = 104.09mm, 

𝑑 = 1mm/550, 
𝜆 = 32nm) 

propagation from  
grating to  

measurement position 

resulting  
gaussian beam 

the curvature 𝜅 of the resulting  
wavefront is derived by:  

𝜅𝑥 = 
𝑥𝑢

𝑥²
 𝜅𝑦 =  

𝑦𝑣

𝑦²
 

…and the radius of the wavefront by: 

𝑟𝑥 =
1

𝜅𝑥
 𝑟𝑦 =

1

𝜅𝑦
 

calculation: 

…yielding the radii difference: 

Δ𝑟 =  
𝑦²

𝑦𝑣
−

𝑥²

𝑥𝑢
 

waist difference: 

Δ𝑧 =  
𝑦𝑣

𝑣²
−

𝑥𝑢

𝑢²
 



Wigner distribution function 
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𝑥 
𝑢

= 𝑆 ⋅ 𝑥 ′
𝑢′

 

        =
𝐴 𝐵
𝐶 𝐷

⋅ 𝑥 ′
𝑢′

 

𝑥 ′
𝑢′

= 𝑆−1 ⋅ 𝑥 
𝑢

 

         =
𝐷 −𝐵

−𝐶 𝐴
⋅ 𝑥 

𝑢
 

Beam propagation 

Transformation 

Back-transformation 

ℎ𝑖 𝐷𝑥 − 𝐵𝑢, −𝐶𝑥 + 𝐴𝑢 = ℎ𝑜(𝑥 , 𝑢) 

ℎ𝑖 𝑥 ′, 𝑢′ = ℎ𝑜(𝐴𝑥 ′ + 𝐵𝑢′, 𝐶𝑥 ′ + 𝐷𝑢′) 

𝑆 =
𝟙 𝑧 ⋅ 𝟙
0 𝟙

 

Free propagation 
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Outlook 
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Detector saturation 
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