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LECTURE NOTES 23

Eddy Currents in Conductors

Conductors, by definition, contain “free” electrons — i.e. the electrons are free to move around
inside the metal, but in fact are (weakly) bound to the metal by the work function ¢y of the metal
(SI units = eV (i.e. Joules)). Due to internal thermal energy associated with the metal being at
finite temperature, the “free” electrons can “evaporate” from the metal via thermionic emission
(from the high-side tail of the thermal energy distribution of the free electrons in a metal). Thus
thermionic emission of electrons is intimately related to black body /thermal radiation.

Thermal enerqy distribution of “free” electrons in a metal:

Thermionic emission of electrons from a
Ne, number D thermal
density of / metal occurs when U > @y
electrons

o . : » U™ (Joules or eV)
<U GEhermal> _ % kBT

The free electrons in the metal have mean/average thermal kinetic energies of

<U ethermal> _ % m, <Ve2> _ g kBT

In the presence of a uniform applied external magnetic field B,, = B,Z the free electrons in
metal move in circular orbits in a plane L Eext =B,Z (ignoring/neglecting scattering effects in the

metal). The (mean/average) momentum of each electron is |( p, ) =m, (v, ) = qB,R| where R =
(mean/average) radius of curvature of the circular orbit:

R=m9<ve>: M, /3kBT _ 1 3mk;T | and [(v,)= /3k—BT
q BO q BO me qBO me

3K, T

Note that |(V, )= =1.2x10° m/s|for T = 300K (see P435 Lect. Notes 21, page 9), using:

m, =9.1x10*"kg
q =1.6x10"° Coulombs = |e|

B, =1 Tesla
Kg =1.38x107% J/K
T =300K

This corresponds to a radius of curvature of |R =6.65x107"m = 0.665.m = 0.7 um| for
aB, =1Tesla magnetic field!
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This result (of course) assumes no scattering of the free electrons in the conducting metal while it
is making one orbit of cyclotron motion:

Z, B=B,Z C=2zR

A
- - - C 2zR e
F,=—e((V,)xB)=¢eE’ A7) =-—=——= mean cyclotron orbit time

(< > ) KN > <Ve> <Ve>
= —e<Ve> BO,[) 9 > 9
{radially inward} (v.)
nb. v, =0 (here) . e
X J
m

In generalv, = 0, thus free electrons will additionally move up/down || to Z -axis in a helical/spiraling

motion as shown in the figure below, since the electron’s motion in z is unaffected by the presence of
the externally-applied magnetic field:

The magnetic dipole moment m, associated with a free electron in a cyclotron orbit is:
=A,

m, = 1A, =1 ;F?(—Z):&AETJﬂRZ(—i) . ze%z AR?(-2) :%e<ve> R(~2) :—%e<ve> R

Note that induced/resulting magnetic dipole moment, m, =—1A Z = —%e<v9> RZ points opposite

direction of applied magnetic field.

= Free electrons in metal/conductor in the presence of Bey: have diamagnetic properties.

In reality the mean free path of a free electron in a metal, 4 (= average/mean distance

between scatterings/collision) in most metals is much smaller than C =2zR = 4.2um (for
T =300K and B, =1Tesla).

In copper metal for example:
ﬂﬁf”p =3.9x10°m = 0.04m = 40nm/ = 400A& (') Thus A%

mfp

=0.04um < C =27R =4.2um,

ie. ;tr‘jf% = ﬁc in copper (for T = 300K and B, =1Tesla).
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m, (v, :
Where 4. :w. For copper ¢, =5.95x10" Siemens and n® =8.5x10%/m®
n.e

e

3K,T

with(v, ) = =1.2x10°m/s for T = 300K

e

In this regime the path of free electrons is more complex due to the intrinsic scattering processes
extant in the metal, but the free electrons still travel (on average) in circular and/or helical paths.

Again, it is important to point out that static magnetic fields perform/carryout/ do NO work on
charged particles. Thus, for a constant (i.e. time-independent) magnetic-field, e.g. B =B,Z, no
net energy is deposited and/or removed from the metal conductor by the constant magnetic field.

All a constant magnetic field B = B,Z does is change/rearrange the nature of the six-dimensional
phase space associated with the free electrons (Fe, r)e) = (x, Y, Z, P,y By P, ) by introducing

correlations in (x & y), and (px & py) due to the induced cyclotron-type motion of the free
electrons. The block of metal remains in thermal equilibrium.

In e.g. a sheet of copper metal, the free electron number density n;" = 8.5><1028/m3 . If the
copper metal sheet lies in the x-y plane, with B,, = B,Z, then the net magnetic dipole moment is

N, R
Mo = DM, =M, (—~2) with macroscopic magnetization M =, /volume =m,, (-2)/volume
i=1

net net

due to the free electrons only.

An effective surface Ke current flows (only) on the periphery of the metal sheet — due to
cancellation of the nearest neighbor induced dipole currents, as shown in the figure below:

gazpaldh {n tinet . 252 Sl ol
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Again, there are NO power losses here with a static magnetic field because B does NO work if
B = constant.

However for time-varying magnetic fields, because of Faraday’s Law: V xE(F,t)=- 88(8:’t)
o N oB(F,t) oD, (t
or: |, Vx E(F,t)da, :gSC E(r,t)-dfz—J‘SL%-daL :—ngmf e(t)
: : o oB(TY) e : :
a time-varying magnetic field ———= induces an electric field E(r,t) which (depending on

oB(T,t)

the sign of —a (increasing/decreasing) either accelerates/decelerates the free electrons in

the conducting metal.

= If B(t)=B,(t)Z and aE(;Et) = 8B;t(t)2 and for simplicity, if (v,) is in the x-y plane,

i.e. v, =0 then the free electron’s cyclotron orbit radius, R remains constant:

d (v (1))
R= e (V) = constant me—dt or: |m d(v. (1)) —e dB(t)
eB edL(t) U dt dt
dt

The (average) kinetic energy gain (or loss) per cyclotron orbit is:

o O®n (t) _ ] oB(t) A
ot ot

AKE, (t)=q*(emf e, (t))=—e*(emfe, (1)) =+ where A = 7R’

The (average) rate of a free electron’s kinetic energy gain (or loss) per cyclotron orbit is thus:

oB(t),
_ _ AKE, (1) & 5 (7R
The power gain/loss per cyclotron orbit: P(t)e = =
Z-I’EV TYEV
C 2zR
% Tev =7 N "7 Vv
(vo) (v
B(t) . /me
Thus: P(t):e o *(/R )<v>=1e<v)R£(t) But: |m =—1e<v>R2 (from above)
11149, e Z/R e 2 e 8‘[: DuUt. o 2 e
B B 0 —me-é t mag
Therefore: F>e(t)=1e<\/e>Ra_(t):_me 0 (t): [ ( ):Izaue (t)
2 ot ot ot ot

Note: By Lenz’s Law, P, is always positive for diamagnetic conducting materials. Then the
macroscopic power: P, (t)=N,P,(t)=n,*volume*P,(t) corresponds to the macroscopic

induced EMF ¢____and (net) macroscopic current, Imacro flowing in the conducting material!!!

macro
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Then we see that Pmacro (t) = gmacro (t) Imacro (t) = Irf]acro (t) Rmaterial = griacro (t)/Rmaterial
= Joule heating / power losses in the metal.

The (net) macroscopic current 1. (t) flows around periphery of material, as a surface

macro
current K., (t), then T ... (t) = K (t)t,, Where t, = perpendicular thickness of the

conducting material (see above figure).

Note that this surface current K, (t), which is created by an externally-created &B(t)/ct

in the metal is associated with real power losses/real power dissipation because of the
acceleration/deceleration of free electrons in the metal (which is a time-irreversible process).

Such induced macroscopic currents in conductors/metals, caused by an induced macroscopic

d®m (t) 8B (t) macro
EMF | &paero (t) =— T a A are known as Eddy currents.

Eddy currents e.g. in transformers are harmful because they sap power from the transformer:

power input = (power output + Eddy current power)
thus: power output = (power input — Eddy current power)

Since Eddy current power winds up as heat, the transformer will (eventually) get hot —
possibly so hot it could be destroyed, if it has not been designed properly!

Eddy currents in metals can also be used beneficially e.g. to cook food by induction heating!!

— Place food in metal container in proximity to intense alternating B -field. Eddy current
power losses (e.g. in transformers) can be dramatically reduced by laminating the transformer
core.

oB(t) B, (t) ;
ot ot
increasing (here)

/I\

st
e T Y
TodD
CORE ToR
TTRANSToRME .
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The induced macroscopic
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emf ¢

solid
core
macro
Eddy

o0, (t)  oB(t)
=— A
ot ot

The power dissipation in the solid core of this transformer is:

Prof. Steven Errede

solid

where [AF =(L*W)

core

core

] 2
B g [BU] g
solid solid solid solid Eggm ot L1
Prr?(a);so (t) = gr(;\(;rcero (t) Irit;rcero (t) = I 2rcr?a:cero (t) I:esolid = ! =
Eddy Eddy Eddy Eddy core R Ry
core core
2 2
oB(t) p2ooe oB(t) 4
solid at L1 at solid
P (t)= = if [A®* =L?|(i.e. L = W for a square core)
Eddy Rsolid Rsolid

For a Laminated Core Transformer:

Divide the solid core into N, individual laminations, each of width AW . Coat each lamination
with a very thin layer of electrically-insulating material (e.g. varnish or epoxy). Then the total
with of all laminations stacked back together is W = N, AW .
oB(t) 0B, (t) .
~ OB(1)_0B,(1),
ot ot
increasing (here)

5 -
z b, LAWINATIONS ARE ELECTRIAI
TINSWATED FrRovA EACH GTHE!
RY THIN LAYEV. QF cPoxy
A
~ D) — g @A
x ; /? 286 @A
s, NoTE t
SRIENTATON
SF LAWMNATIONS L
g.%umt-:i'b Y
) - ceRE
& AL
TPAWVIDED WP

MTe N LAMMRATIENS

1

core
/\L

Each (now insulated) lamination has a cross-sectional area A" = LAW =

Lam

The resistance of each lamination is now increased relative to the resistance of the whole core:

Riam = NiamReore (-8 Ryre = Rian/Nian - for Ny, laminations electrically connected in parallel).
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The induced macroscopic EMF associated with each lamination is:

=] solid
emf k2" (t) = -aq’am (H)__%8() A" where |A" = L*AW = L*(W/N,, )= A /N,
Eddy t ot

The corresponding Eddy current power loss associated with each lamination is:

. B(1)) 4ziam sl oB(t)Y
gzrlaacro (t) (&] A2l- [ J A2 /NLam 1 [(at AZL 1

Eddy _ _ P

Lam (t) - - 3 3 solid
RLam RLam N Lam RSOlId N Lam Rsolid N Lam core
core core

(t)

Since there are N, laminations (now) making up the transformer core, then the total Eddy

times the power loss for one

lam

current power loss of the laminated transformer core is N

lam

lamination, i.e.:
OB (t) 2 solid
[ j A2 core
1 ot . 1 5
I:)Taontw N am P am = soli
Ic_ore ( ) - - ( ) Nfam Rsolid N Eam Colred

Thus, we see that the Eddy current power loss in a transformer decreases as the square of the
number of laminations (compared to no laminations) (i.e. the Eddy current power loss decreases

as the square of A™™)

n.b. Ferrite cores used in transformers have high resistance (e.g. compared to iron cores) and
also have good magnetic permeability = the use of ferrite materials in transformer cores can
reduce Eddy current losses even further, by a factor of R, /Ry, <1!!! The use of ferrite

materials for transformer cores is most common/most useful for low-power/small-signal
applications.

Today, there exist various kinds of magnetic field sensors — e.g. which utilize magneto-
resistive effects (B-field dependent resistance!) such as Giant Magneto-Resistance (GMR)
sensors, and/or electron Spin-Dependent Tunnelling (SDT) devices as well as Superconducting
Quantum Interference Devices (SQUIDs) which are also very sensitive to magnetic fields. These
devices are used in all kind of applications to detect small variations in magnetic fields.

One important application is Eddy current sensing — used for detecting structural flaws in
critical conducting materials. The state-of-the-art of Eddy current sensing is now such that
imaging capability with ~ 100 micron resolution has been achieved. Please see/read handout on
Eddy current sensing for more information.
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Energy Stored in Magnetic Fields

In electrical circuits containing (one or more) inductors, work must be done against the back
oo (t ol. . (t
emf {,‘L(t):_ m():—L free()
ot ot

in order to get a free current, lqe to flow in the circuit.

Suppose we have a simple electrical circuit consisting of a battery (which supplies a constant
emf , &), an on/off switch, an inductor, (with inductance, L) and a resistor (of resistance, R) as

show in the figure below:

swITCH

/-\T= +& @Aluzm suittch s elosed )
= ‘\T: 'tEo

IrdrgTor A
(TMOUCTANCE, L) T mc-ro\’l

Yo ™ I o e *
A # ¥ DIRGECTIN oo _ﬂ‘
RESIS
(RESISTANCE, R A\}gé STovw.
o < «—=0

—

hen: |AV;, = é)c E.d/ =0| < Kirchoff’s Voltage Law: The sum of potential differences

N
around a closed circuit (mesh) =0, i.e. ZAVi =0

= E is a conservative field associated with a conservative force F = qE

AV

—

he

+ AVinductor ( )+ AVreS|stor ( ) =0

=

battery

Where: AV, =(& —0)=constant, = fcn(t)
AVinductor (t) = (VR (t) —& )
AVresistor (t) = (O _VR (t))
AVbamery + Adeuctor ( ) +Avresistor (t) = 0
0

= (&, —0)+(Va (t)—5,)+(0-Vi (1)) =

—
=
@D
>

|O
=
)
o
I
~—~
<
Pl
—~
—
~—
)
o
~
+
<
el
—~~
—
~—

=AVinguctor (t) =AVyesisior (1)

ack =l free
== (t) | ot (by Ohm's Law)
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Ol (T
" |6 ==& (1) + | e (1) R| = constant, but |&, (t):—L"g—‘f[()
Ol 4 (1
e, =+L ”;et()ﬂfree(t)R
al free (t) st . . . . . .
or: (L P +Rl ., (t)=¢,| < 1% order linear inhomogeneous differential equation (solution

is = general solution of homogeneous differential equation +
particular solution for inhomogeneous equation (imposed by
initial conditions and/or final conditions)

First, solve the homogeneous differential equation:

al free (t) I— dl free (t) dl free (t) ( Rj
L———=+RI t)=0| = |(|— |——=+1 t)=0|or;|——==—-| — || t
Gt + free( ) (rj dt + free( ) or dt free( )

The general solution to this homogeneous differential equation is of the form:

_t
(t)=1,"¢ ¥ +.C| where C = constant of integration.

free

dl t 1 -t L L. .
Then: L() =—=1 7 N P (—j = characteristic time constant (SI units = seconds)

dt T R

Now solve the inhomogeneous differential equation:

al free (t)
ot

Thus: —(%J[%] Ioe_% + Ioe_% +C :g_RO = integration constant |C =8—F;’

tzlfree_%g_o
(t)=1,"% o

L

(t)=1/=e"/" +C

+Rl (t)=¢,| but |l

0 free

.. The solution of this inhomogeneous differential equation is:

free

However we don’t (yet) know explicitly what 1™ is...

~. Impose the initial condition at time t = 0: |l (t=0)=0|

i.e. initially no current flows through the circuit when the switch is closed att =0
(this is due to the back EME in the inductor — i.e. Lenz’s law!!!)

| & & c
free (t:O): |0freee 04 % _ |0free+_0:0 — |0free _
R R
1

Thus at t = 0, we see that

.. The specific solution to the inhomogeneous differential equation (here) is:

| e (1) = —g—F;’e% +E—F§ =8—F;(1—e%)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, for this circuit, the free current flowing in this circuit as a function of time is:

.. (t)=(%’](l—e%) where |z s(%)

The free current I, (t) flowing in circuit vs. time, t is shown in the figure below:

H)

n.b. this electrical current flows
through all components
- (i.e. battery, inductor,
resistor, switch, wires...)

0 1z 27 3r
The voltage (aka potential difference) across the resistor, R vs. time, t:

AV, (t)=1(t)*R (by Ohm’s Law) :%* ;((1_6% )

AVg (t)=¢, (1—8_%) where 7 E(%{)

AR = Vel

C

The voltage (aka potential difference) across the inductor, L vs. time, t:

Since: |1, (t)=| & 1-¢7% || where |z =(LZ)| Thus:
R R

ol (t - _ _
AVinductor (t) = _‘C“L (t) = +Lfr%() = k(—%@ %] = _goe % Ie AVinductor (t) = _goe %

1r 27 3r t

-5.0%¢,

_ 0
13.5%¢, At t =0 the back emf across the inductor

(= —¢&,) exactly cancels Vpatery = &, , but
inductor can’t sustain opposing it forever!

-36.8% ¢,

AVinductor (t) ==& = back emf Il =

v

10 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Kirchoff’s Voltage Law: AV, (1) = AV, queior (1) = AV e (t)  (VOItS)

& = +8087% +¢&, (l—e_%) =¢, (Volts)

(o]

The voltage (potential difference) across the battery = voltage (potential difference) across
[inductor & resistor] = constant, independent of time.

The instantaneous electrical power stored in the inductor is:

(0 dl . (1)

dt

Po(t) ==, (t) e (1) = +L1 1, (Watts)

The instantaneous electrical enerqgy stored in the inductor is:

t i i t dI ree t, ' t ' ’ 1
W, (t)=[ P(t)dt' =] LI (t) fdt,( ) it = L[ 1o (1)l e (8 )=§|_|$ree (t)
W, (1) =%LI ree ()| (Joules) {n.b. analog of |W, (t)=%CAV2(t) for capacitors!}

Thus, we see that the instantaneous electrical power stored in the inductor is:

d I free (t )
dt

_dw (1)
o dt

R.(t)

(Watts)

==& (1)1 ree (1) =+L1 e (1)

Recall that the magnetic flux in an inductor is: |®,, (t) = LI, (t)| (Webers or Tesla-m?)

However: |®, (t)= [ B(F.t)}da, = [ (VxA(F.t)}dd, = A(F.t)d7 =Ll (1)

. Wy (6) =2 L (=3[ L (0] Ve (0 =5 [ 6, A6 1 (1)
- %Ifree(t)[gﬁcA(F,t)-dﬁ}:%gﬁcA(F,t)-(lfree (t)d£)=%gﬁc(,&(”, T (1)) 11

Thus, more generally, for any magnetic vector potential, A(F,t) with its corresponding
filamentary/line free current 1, (t), or surface free current density K oo (t), or volume free

current density J free (t)we see that the magnetic energy stored in such systems can be written as:

W, (t):%cﬁc(,&(ﬁt)-rfree(F,t))déz%Ifree(t)qscﬂ(f,t)odz (Joules)

W, (1) :% J, (A(F)K o (F.1)) da, | (Goules)

W, (t) :% [[(A(F )3 e (7,1))d7| Goules)

Note from the last formula above that the energy density associated with an inductor is:

Upg (1) = % A(T,t)ed e (T,1)| (Joules/m?)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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Using Ampere’s law (in differential form): |V x E(F,t) = #ojm (F,t) , then for non-magnetic

media we see that|J;,, (F,t) = J.. (T,t)| (only) whereas for magnetic media, in general
Tt (Fy1) = T e (T, 1)+ T goung (T, 1)

Then we can more generally write \W mag .[( (Ft)ed e ( t))dr as
Wmag(t)=%.[v(,5\( )3, (F, ))df Zij(Z\(r,t).ﬁxB(r,t))dr

Integrate the RHS term of the above relation by parts, and use the relation:
Ve(AxB) = B4V x A)- A{Vx8)

ie.  A(VxB)=B{VxA)-Ve(AxB)=BBE-V+(AxB)=B’-V:(AxB)

_ 1 2(7 5
Wmag(t)—z—%UVB (1) dz [ Vo(A(r,t)xB(7.1))dr |
Using the divergence theorem on the 2™ term:

1 . = = ~

W, (1) = 2—“ B?(F.t)dr— ¢, (A(F.t)x B(r,t))-da} (n.b. surface S encloses volume v)
Hy =Y

The volume of integration v = entire volume occupied by the current density J., (F,t) . Any

integration volume larger than this is perfectly fine also, so integrating over all space for a

localized/finite volume current distribution J,, (,t)is also fine. Then for an infinite integration

volume v with accompanying infinite enclosing surface S, we see that the surface integral on the

RHS of the above equation vanishes, i.e. <.f> ( (F,t)xB(r.t))-da=0.

Then the magnetic energy associated with any system is given by:

W, (t):'[g” umag(F,t)drzij‘a” (A(f,t)-jm(f,t))dr (Joules) or equivalently by:

~ 1 -
Wmag (t):_[all umag(r!t)dz-—2 ja” Bz(r,t)d‘[
space My * space
1 _ - ~ (Joules)
m L;gce<'3(r t)}B(r.t))dr = 2ISSQCG(B(r,t)-H(r,t))olr
The corresponding magnetic energy density is given by:
Ungg (T 1) =%A(f1t)-im (7,t)| (Joules/m®) or equivalently by:
_ 1 _ 1 = o 1. -
umag(r't)ZZ_%Bz(r't) 24, B(F.t)-B(T.t)=5B(F.t)}H(F.t)| (Joules/m’)

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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We can see that these are directly analogous to the electric field case:
The energy associated with the electric field in any system is given by:

(t):Iall uelect( ) (F,t))dr

space

(t)= .[all Ugeee (F, 1) d7 =

W

elect

dT _Iall pTot

space
1

_‘%J-au E*(

2 space

(Joules) or equivalently by:

W

elect

(Joules)

Ugrege (T 1) %pTot(r,t)V(r,t) (Joules/m®) or equivalently by:
uelect(F,t)=%50E2(F,t)zégoﬁ(ht)-é(?,t):;E( £)D(7,t)| (Joules/m?)

Electric and Magnetic Energies & Energy Densities in Macroscopic Matter — Linear Media:

In linear dielectric materials, , (free space) — & (linear medium), with D(F,t)=¢E(F,t)

In linear magnetic materials, s, (free space) — x (linear medium), with H (7,t) = E(F,t)/y

The electric and magnetic energy densities in the volume v (only) of the linear media are:

T (7,8) =2 2E7 (1) =2 2€ (FUME(T.t) = E(F.A)-B(7.1)| (oulesim?)
magnetic 1 1 S 1= _ -
Unag (T2t ):Z,uB (. )=2ﬂ|3( )B(r,t)ng(r,t)-H(r,t) (Joules/m?)

The corresponding electric and magnetic energies associated with the volume v (only) of the

linear media are:

Wt ()= [ ydiese (7 t)dr =2 o[ E2(7,t)de
1 2 L (Joules)
=ESIV(I§(F,t)-E(F,t))dr:EL(E(F,I)-ﬁ(F,t))dr
Wmﬁ;zgnetlc J‘unT:;;net|c i VBZ(F,t)dT
L ) ) ) (Joules)
:ZV(B(F,t) B(F, t))dr_—j(B )oH (F,1))dz

The total electric/magnetic energy densities and electric/magnetic energies (i.

e. integrated over

all space must (obviously) use ¢,and g, for these integrals in the region(s) outside of the
volume v of the media.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 7.13:

A long coaxial cable carries a steady free current I down the surface of the inner cylinder
(of radius a) and then returns along the surface of the outer cylinder (of radius b), as shown in the

figure below:

>
i)

I free

N

Determine the magnetic energy density stored in a section of this coaxial cable, e.g. associated
with a length ¢ of this cable.

Use e.g. Ampere’s circuital law qSC B(F)ed/ = p, 152" to determine B inside and outside the

cable, take contour(s) as shown above. ‘g( )‘ A
Yo,
For p<a, 19 =0 therefore |[B(p <a)=0|.
For a< p<b, 1509 = | _ therefore |[B(a< p<b) =2ﬂ—° | e |
7

For p>b, 1% (net) =0 therefore |B(p >b)=0|

Moy ¢ is non-zero only in the region a< p <b, then

free

Since the magnetic field B(a< p<b)=

the magnetic energy density will also be non-zero only in this same region:

U ( )—LBZ( )_Lg( )B(p) U, (p)“
mag p _Zﬂo p _2#0 /0 /0 g
2 (Joules/m®)
—L Ho 2 _ :uo 2
- Ifree - 2 2 Ifree
24, | 2mp 87
> P
The magnetic energy associated with a finite length ¢ of the coaxial cable is: & b

1 2 (= _ 1 (=t p=b p=27 _,

Wmag E B (r)df—a 120 dZL:apdp oo B (r)d¢
P bxdp /Uo 2 (7 d,O Hy 12 b
_Zwlfmeg . o]l el (%)

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.
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Thus: Wmag:f—;flfreeln(%) (Joules)

The magnetic energy per unit length associated with this coaxial cable is:

=W, /(= ﬂ" |free|n(%) (Joules/meter)

. o . : 1
Note that the magnetic energy in this coaxial cable is also (W, ,, =W, =—

5 L1Z..|, thus we see that

the inductance L associated with a finite length ¢ of this cable is:

W, =W, = ;Llfree =t Elfree (A) = ng—;ﬁln(%) (Henrys).

The inductance per unit length of this coaxial cable is therefore:

== L _# In(A) (Henrys/meter).

Note that the inductance per unit length ~~ =L/ has the same Sl units (Henrys/meter) as the
magnetic permeability of free space x, .

Magnetic Forces:

Example: The Force on a Linear Magnetic Core Exerted by a Long Solenoid

Suppose we have a long solenoid of length ¢ and radius R (thus cross-sectional area A, = zR?)
with Ny, turns (thus n= N, /¢ turns per unit length) carrying a steady free current I. What

happens when we insert a linear magnetic material (with constant magnetic permeability )

having the same length and radius into the bore of the long solenoid? Is there a force acting on it,
e.g. analogous to that associated with inserting a linear dielectric between the plates of a parallel-
plate capacitor?

Cross-Sectional View of Long Solenoid:
OIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIOIO

Magnetic Core
o {partially inserted into —> Az <—— —» 7
bore of long solenoid}

PRV RPRPRPRPRXRPXRXRXRXXRXRR
< Z
z=0 1=1

X
X
X
X
X
X
X
X

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources |

Fall Semester, 2007

Lecture Notes 23

Prof. Steven Errede

The infinitesimal difference in the magnetic energy associated with moving the magnetic core
inward into the bore of the long solenoid an infinitesimal distance Az (ignoring/neglecting any/all

end effects) is given by:

AW, ., (AZ) =W, (2+A2)-W,, (2) z%(/,z—,uo)jv H

in2
sol

(F)dr

Where (using Ampere’s circuital law for the H -field for the long solenoid):

The infinitesimal change in the volume due to the infinitesimal displacement Az is

AWmag (AZ) :%(:u_:uo)nzl

2
free

A Az

Then the net force acting on the magnetic core is:

I:lin

sol

A

(F) = nl freeZ

AV = A A7

F.. (Az)=
o (A2) =2

AW, (AZ)

Z

| ree =CONStaNt

AW, (Az)

dz

Z

| free =CONStaNt

:%(y—ﬂo)nzl

2
free

Az

Thus, as long as (x— u,)> 0 (i.e. paramagnetic materials) we see that the direction of the

magnetic force acting on the magnetic core (+2) is such that it wants to suck the magnetic core

into the bore of the long solenoid, analogous to what we saw in the case of a linear dielectric
partially inserted into the gap of a parallel-plate capacitor. Note however, for diamagnetic core,

since(,udia — 14,) <0, a diamagnetic magnetic core is repelled from the bore of the long solenoid!

Electric and Magnetic Pressure:

We have seen for the electrostatics case, that the energy density u,,, () (SI units of Joule/m?)
also has the same units as that for pressure, P(F) (Newtons/m?), and in fact the presence of an

energy density u(F) can/will exert a pressure P (F ) on material if present at the point ¥ .

If there are no linear dielectrics and/or linear magnetic materials present, then:

Uy (F1)= Pelect(f,t):%goEz(F,t) =%50E(F,t)-E(F,t) :%E(F,t)oﬁ(ht) (Ime or N/m?)
umag(r,t):pmag(r,t):isz(r,t):ié(r,t).é(r,t):%é(r,t).ﬁ(r,t) (m® or N/m?)

U (7,t)= PR (1) = 7 (.) =2 6 (FORE(F,) =2 E(F)-B(F.1)| @i or Nim)
Uned® (T, t) = Prasrete (7 t) =iBZ(F,t) =il§(?,t)-l§(?,t) =%I§(F,t)-lfl (F.t)| (/m® or N/m?)

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.
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Example: The Magnetic Pressure Inside a Long Air-Core Solenoid

For simplicity, assume steady free current |

free

From Ampere’s circuital law: |BL, (') = gonl .7 |
Note that:
inside (< inside (< 1 2/ 1
ugy® (F) =P (F) = 5 Bar (F) = Eyonzl 7 = CONstant >0
Hy

Prof. Steven Errede

flowing in windings of long air-core solenoid.

(i.e. is a positive quantity).

Cross-Sectional View of Long Air-Core Solenoid:

Bin

sol

(F) 1l Z points out of page:

1

in2 212
B I free

sol

— Pin

sol

u

5 (F) =P (F) (F)=5 s

24,
points radially outward

outside (
mag

=l

) _ P outside

mag

(r)=0

= constant >0

The magnetic pressure/magnetic energy density inside the solenoid pushes/exerts a radial-

outward force on the solenoid!

The net magnetic force acting on the long air-core solenoid of radius R and length / is:

212
n Ifree

Ifnet _ Pinside

sol sol

27RLp = p N’

- L1
(F= R)Ago|p=§ﬂo

free

RCH

Example: The Magnetic Pressure Inside an Air-Core Toroid

 inside
Btoroid

Similar to the long, air-core solenoid, except (r)= 5
T p

N T .
Lo ot Slfor a< p<bh.

(radially outward)

2 2
. |y, inside (=) _ pinside (&) _ in2 =\ _ Tot * free
Then: |Ugreg (F) = Poreia (F) = 5 Beroia (F) = 8—"2 —= = constant > 0
; 7 p
. . insid insid 1 L2 H Nyl e || Force atinner
@ inner radius: utorsoig (p = a) = Ptorf)ide (,0 = a) = 2_ Btoroid ( = a) = 02 2 radiL!s is radially
M, S a inward
insid inid 1 2 U NTZot | ?ree Force at outer
s |y inside _ __ pinside _ _ in N A h
@ outer radius: Usoroid (,0 = b) = Ptoroid (p = b) = —O Btoroid (p = b) = 87[2 b2 radlgztl\i/;?gla”y

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2008. All Rights Reserved.

17



UIUC Physics 435 EM Fields & Sources | Fall Semester, 2007  Lecture Notes 23 Prof. Steven Errede

Example: The Magnetic Pressure Associated with a Thin Cylindrical Current-Carrying Tube

A steady free sheet current K., (F)=K,Z (Amperes/meter) flows down the surface of a
long, very thin cylindrical conducting metal tube of radius a as shown in the figure below:

The (total) free current flowing down the surface of the conducting tube is:

i = [, K (M7, = [ K207, = [ K 2oade?=K,a ["dp=27aK, =1,

{Since d?L =ade?Z using the arc length formula "S = R6"}

| enclosed

Then using Ampere’s law for B : cﬁc B(F)ed? =, 15" | we see that:

— - B(p)
For|p<a: iz~ =0| = |B(p<a)=0
= U (p<a) = P (p <) = =Bl (p<a) =0
2u, . D
a
enclosed ) H l, -
Forjpza:li™ =1|=|B(pza)="2-—2¢
21 p

tube > tube > 1 2 > Ho I(f

= l’Imag (,O_a): Pmag (p— a)ZZ_/JOBtUbe (p— a):W?

Thus {here}, since the magnetic field/magnetic energy density is only non-zero outside the long,
thin conducting tube, the magnetic pressure creates a force on the tube which is radially inward.

The net force acting on the thin conducting tube is:

_ 12 u, 12 n.b. ¢ = length of
Ftube —a =Ptube =2a)- =&_0‘2 al =0 "oy
wo (P=8)= P (P =) A, 8r’al 4z a the tube (/> a)

The net force per unit length acting on the thin conducting tube is:

Fog (P=23) _ 41, 12

- lp=a)=m 4z a

18 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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