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occurs at the difference frequency stated above. When ωT ̸= ω̂T and κ ≈ 1, we use
√

1 − ϵ ≈
1 − 1

2ϵ with ϵ = 1 − κ2 in the general formula for ω2 above. The two frequencies which result are

ω2 = ω2
T + ω̂2

T

1 − κ
and

1
ω2

= 1
ω2

T

+ 1
ω̂2

T

.

The first of these is always much greater than the second when κ ≈ 1.

Application 14.7 Thomson’s Jumping Ring
Elihu Thomson’s “jumping ring", shown in Figure 14.22, consists of a cylindrical solenoid and a
coaxial metal ring with a slightly larger radius a. If the ring rests on a support mounted just above
the top end of the solenoid and a current IS(t) = I0 exp(−iωt) is applied to the solenoid, the force
(14.122) can be sufficient to launch the ring into the air. We will calculate the time-averaged force by
treating the ring and solenoid as circuits coupled by a mutual inductance M . An order-of-magnitude
estimate should agree with the predictions in (14.130).

IS(t)

BS

IR(t)

ℓ

a

Figure 14.22: Cartoon of Thomson’s jumping ring.

The fringing magnetic field BS near the top of the solenoid exerts a force on the current IR(t) induced
in the ring by the time variations of IS(t). If Bρ(t) is the radial component of BS , the instantaneous
force exerted on the ring in the z-direction is

Fz(t) = ẑ ·
∮

Re[IR]dℓ × Re[BS] = Re[IR]2πaRe[Bρ]. (14.160)

If the ring has resistance R and self-inductance L, the linear equation in (14.156) which contains the
EMF in the ring (which is zero) is

− iωMIS + (R − iωL)IR = ER = 0. (14.161)

Solving this for the current in the ring gives

Re[IR(t)] = ωMI0

R2 + ω2L2
(R sin ωt −ωL cos ωt). (14.162)

Now, Re[Bρ(t)] ≈ µ0nκ Re[IS(t)], where n = N/L is the number of turns/length of wire wound
around the solenoid and κ is a geometrical factor which accounts for the fringing of the field at the
position of the ring. Therefore,

Fz(t) = µ0nκ(2πa)
ωMI 2

0

R2 + ω2L2
(ωL cos2 ωt −R sin ω cos ωt). (14.163)

Carrying out the time average of this force over one period of the current oscillation explicitly gives

⟨Fz ⟩ = 1
2
Nκµ0ω

2I 2
0 × a

L
× ML

R2 + ω2L2
. (14.164)
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We know from (14.92) and (14.153) that this quasi-magnetostatic analysis makes sense both when
ω ≪ R/L and when ω ≫ R/L. As in (14.153), we estimate the self-inductance of the ring as L ∼
µ0a/2π . If #R = Bπa2 is the magnetic flux through the ring, magnetostatic theory (Section 12.8.2)
tells us that the mutual inductance satisfies #R = MI0. Finally, R = 2πa/σA if the ring has cross
sectional area A. Substituting this information into the formula just above gives the limiting behaviors

⟨Fz ⟩ =

⎧
⎪⎪⎨

⎪⎪⎩

µ0
I 2

0 M

L

a

L
∼ a2

µ0
B2 ω ≫ R/L,

µ0ω
2I 2

0
a

L

ML

R2
∼µ0ω

2a2A2σ 2B2 ω ≪ R/L.

(14.165)

These results agree with (14.130) in detail when we recognize that a measures both the solenoid size
ℓS and the ring size ℓ in the high-frequency limit. In the low-frequency limit, ℓ is the radius of the
wire which constitutes the ring. !

!

Sources, References, and Additional Reading
The quotation at the beginning of the chapter is taken from the Chapter 3 of

W. Pauli, Lectures on Physics: Volume 1. Electrodynamics, edited by C.P. Enz (MIT Press, Cambridge, 1973).

Section 14.1 Textbooks by Russian authors tend to treat quasistatics particularly thoroughly. Some good treat-
ments are

L.D. Landau and E.M. Lifshitz, Electrodynamics of Continuous Media (Pergamon, Oxford, 1960).
I.E. Tamm, Fundamentals of the Theory of Electricity (Mir, Moscow, 1979).
B.G. Levich, Theoretical Physics (North-Holland, Amsterdam, 1970).

The effect of quasistatic fields on the human body is a topic of increasing interest. An entry point to the
literature is

R.W.P. King, “Fields and currents in the organs of the human body when exposed to power lines and VLF
transmitters”, IEEE Transactions on Biomedical Engineering 45, 520 (1998).

Section 14.2 This section benefitted from
E.W. Cowan, Basic Electromagnetism (Academic, New York 1968).
A.M. Portis, Electromagnetic Fields: Sources and Media (Wiley, New York, 1978).

The sources for Figure 14.3 and Application 14.1 were
V.F. Petrenko and R.W. Whitworth, The Physics of Ice (University Press, Oxford, 1999).
C.L. Longmire, Elementary Plasma Physics (Wiley-Interscience, New York, 1963).

Section 14.4 This section was adapted from Tamm (see Section 14.1 above) and
P.J. Scanlon, R.N. Hendriksen, and J.R. Allen, “Approaches to electromagnetic induction”, American Journal
of Physics 37, 701 (1969).
G. Giuliani, “A general law for electromagnetic induction”, Europhysics Letters 81, 6002 (2008).

Example 14.2 is based on a more general analysis in
N. Smith, “Reciprocity principles for magnetic recording theory”, IEEE Transactions on Magnetics 23, 1995
(1987).

Section 14.5 The distinction we make between quasi-electrostatics and quasi-magnetostatics reflects the point
of view advocated in

H.A. Haus and J.R. Melcher, Electromagnetic Fields and Energy (Prentice-Hall, Englewood Cliffs, NJ, 1989).
T.P. Orlando and K.A. Devin, Foundations of Applied Superconductivity (Addison-Wesley, Reading, MA, 1991).
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Equations (14.128) and (14.129) show that the real and imaginary parts of Bind are as large as Bext

itself when the skin depth is small. This is the fundamental origin of the phenomenon of magnetic
shielding seen already in Application 14.6 at the end of Section 14.10.

Here, we use (14.127) to estimate the damping rate (14.125) and (14.129) to estimate the force
(14.124). When δ ≪ L, current only flows through a tiny volume of the conducting body near its
surface. This means that V should be replaced by ℓ2δ when we estimate the integral in (14.125). We
will also assume that # ≪ V so Bind is nearly constant over the volume of the source current. Since
jext ∼Bext/µℓS , these approximations give

F ∼

⎧
⎪⎨

⎪⎩

ℓ3

µℓS

B2
ext δ ≪ ℓ,

µℓ2
Sℓ

4σ 2ω2B2
ext δ ≫ ℓ,

(14.130)

and

R ∼

⎧
⎪⎨

⎪⎩

√
ω

µσ

ℓ2

µ
B2

ext δ ≪ ℓ,

σω2ℓ5B2
ext δ ≫ ℓ .

(14.131)

Experiments in the ω → 0 limit confirm that both F and R are proportional to ω2 and that both increase
as σ increases. A frequency-independent force and a damping rate R ∝

√
ω are similarly characteristic

of the high-frequency, small-skin-depth regime. Application 14.7 at the end of the chapter confirms
some of these results in a circuit-theory context.

Example 14.5 A popular lecture demonstration uses a pendulum mechanism to swing a disk of
metal between the pole faces of a magnet. Estimate the damping force on the metal at a moment
when the pendulum speed is v. What happens when a parallel array of long and narrow slots are
cut out of the disk?

N

S

B

v

Figure 14.19: An eddy-current pendulum where a conducting disk swings betweens the poles of a magnet.

Solution: Eddy currents appear in the metal as soon as the downward swing brings the leading edge
of the metal into the space occupied by the magnetic field B. Let the metal disk in Figure 14.19
have conductivity σ , radius R, and thickness t . At a moment when the disk speed is v, it is
simplest to estimate the damping force directly from an integral over the volume πR2t of the
disk:

F =
∫

d3r j× B.
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Ohm’s law does not seem immediately relevant because there is no source of electric field. However,
(14.35) makes clear that a sensible generalization for a conductor in motion with velocity v is

j= σ (E + v × B).

The vectors v and B are perpendicular in Figure 14.19. Therefore, when the entire disk is immersed
in the field, a good estimate is

F ∼ πR2tσvB2.

The direction of this force is such that a sufficiently strong magnet halts the pendulum in mid-swing.
This is an effective way to prevent the introduction of magnetic flux into the metal, as Lenz’ law
dictates. The force disappears if long thin slots are cut out of the metal because closed loops of
eddy current cannot form.

14.13 AC Circuit Theory

The quasistatic approximation underlies the most common approach to practical electromagnetic
problems—alternating-current (AC) circuit theory. This theory generalizes to time-dependent situa-
tions the familiar linear relationship between an electromotive force and a time-independent current,

I = E
R

. (14.132)

Experiment shows that the relation is still linear, but that I (t) cannot respond instantaneously to E(t).
The inevitability of this time delay leads us to write

I (t) =
t∫

−∞

dt ′ f (t − t ′)E(t ′). (14.133)

The fact that t ′ < t in (14.133) expresses the principle of causality: only past values of the EMF
influence the present value of the current.

The practical consequences of (14.133) emerge when both E(t) and I (t) are expressed in terms of
their Fourier frequency components Ê(ω) and Î (ω):

E(t) = 1
2π

∞∫

−∞

dω Ê(ω) exp(−iωt) (14.134)

and

I (t) = 1
2π

∞∫

−∞

dω Î (ω) exp(−iωt). (14.135)

A similar formula with f (t) and f̂ (ω) always makes sense if we demand that

f (t < 0) = 0. (14.136)

In other words, when (14.136) is valid, we have the Fourier transform partners

f̂ (ω) =
∞∫

−∞

dt f (t) exp(iωt) =
∞∫

0

dt f (t) exp(iωt) (14.137)
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A useful way to think about the delta function in (11.33) will emerge in Chapter 13. Here, we note
only that the coefficient of the delta function in (11.33) differs from the corresponding coefficient in
the electric field formula (4.16) for a point electric dipole.

Application 11.1 The Point Magnetic Monopole
There is no experimental evidence for the existence of free magnetic monopoles. Nevertheless, we can
synthesize one from a semi-infinite solenoid (N turns/length of wire with current I ) in the limit when
the solenoid’s cross sectional area S → 0 (Figure 11.5).

The construction begins with a planar, circular loop with current I which lies in the x-yplane and
is coaxial with the z-axis. The magnetic moment of the loop is m0 = IS ẑ. If r = ρ ρ̂ + z ẑ, the vector
potential far from the loop is given by the dipole formula,

A = µ0

4π

m0 × r
r3

= µ0m0

4π

ρ

(ρ2 + z2)3/2
φ̂. (11.34)

The vector potential of the semi-infinite solenoid follows by superposing contributions of this form
from a stack of loops which extends from z0 = −∞ to z0 = 0 on the negative z-axis. If g = Nm0 is
the magnetic dipole moment per unit length, we let A → dA and m0 → Nm0dz0 = gdz0, so

A =
∫

dA = µ0g

4π

0∫

−∞

dz0
ρφ̂

[ρ2 + (z − z0)2]3/2
= µ0g

4πr

1 − cos θ

sin θ
φ̂. (11.35)

x

y

0z

zr

z

Figure 11.5: A “monopole” at the origin simulated by a semi-infinite solenoid coincident with the
negative z-axis.

The associated magnetic field B = ∇ × A is

B(r) = 1
r sin θ

∂

∂θ

(
sin θAφ

)
r̂ − 1

r

∂

∂r

(
rAφ

)
θ̂ = µ0g

4π

r̂
r2

. (11.36)

This Coulomb-type formula is valid at all points that are sufficiently far from the solenoid that
the dipole approximation is valid. This domain expands to include all of space (except the negative
z-axis) in the limit when S → 0 (so m0 → 0) and N → ∞ in such a way that g remains constant. The
magnetic field above satisfies

∇ · B(r) = µ0g δ(r) and ∇ × B(r) = 0. (11.37)

These are the equations we expect for the field of a magnetic monopole at the origin with magnetic
charge g. !
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